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NEARLY GORENSTEIN QUOTIENT SINGULARITIES
ALESSIO CAMINATA AND FRANCESCO STRAZZANTI
Abstract. We investigate the nearly Gorenstein property among d-dimensional quotient singu-
larities kJx1, . . . , xdKG, where k is an algebraically closed field and G ⊆ GL(d, k) is a finite small
group whose order is invertible in k. When G is cyclic we prove a necessary and sufficient condition
to be nearly Gorenstein that also allows us to find several new classes of such rings. For d = 2 and
k = C we give a complete classification of nearly Gorenstein quotient singularities. In analogy to
the Gorenstein case of Kleinian singularities, we find two infinite families plus a finite number of
cases of nearly Gorenstein quotient singularities.
Introduction
Gorenstein rings are among the most important objects in commutative algebra and appear in
several contexts. On the other hand, despite their celebrated ubiquity [Bas63, Hun99], the class of
Gorenstein rings is not so large, compared for instance with that of Cohen-Macaulay rings. In many
significant cases one encounters Cohen-Macaulay rings which are not Gorenstein rings. For this
reason, many researchers started looking for generalizations of the notion of Gorenstein aiming to
find a class of Cohen-Macaulay rings which is still able to capture some of the interesting properties of
Gorenstein rings. In recent years, two of these new classes of rings have drawn particular attention:
almost Gorenstein and nearly Gorenstein rings. Almost Gorenstein rings were first defined by
Barucci and Fröberg [BF97] for one-dimensional analytically unramified rings and later generalized
by Goto et al. [GMP13, GTT15]. This notion has already been largely investigated and many
properties are known, see for example [EGI19, GTT16, HJS19, Tan18] and the references therein.
On the other hand, nearly Gorenstein rings, which are the object of interest of this paper, have been
introduced even more recently by Herzog, Hibi, and Stamate [HHS19] in 2019. Nevertheless, they
have already been studied in several contexts, such as zero-dimensional schemes [KLL19], affine
semigroup rings [HJS19], and affine monomial curves [MS20]. See also [EGI19, DKT20, Kob20,
Rah20] for other related results.
To explain the definition and the motivation of nearly Gorenstein rings we start with a Cohen-
Macaulay local ring (R,m) which admits a canonical module ωR. The trace of the canonical module,
denoted by tr(ωR), is defined as the sum of the ideals ϕ(ωR), where the sum is taken over all the
R-module homomorphisms ϕ : ωR → R. The importance of tr(ωR) comes from the fact that
it describes the non-Gorenstein locus of R, since the localization Rp at a prime ideal p is not
Gorenstein if and only if tr(ωR) ⊆ p. In particular, it follows that R is Gorenstein if and only if
tr(ωR) = R. For this reason, one defines R to be nearly Gorenstein when m ⊆ tr(ωR). It is now
clear that a nearly Gorenstein ring is Gorenstein on the punctured spectrum, but the converse does
not occur in general. Moreover, it also holds that a one-dimensional almost Gorenstein ring is nearly
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Gorenstein, even though this is no longer true in the higher dimensional case, where the relation
between these two notions remains unclear.
In this paper, we look at the nearly Gorenstein property for quotient singularities. Let R =
kJx1, . . . , xdK be a d-dimensional formal power series ring over an algebraically closed field k and
let G be a finite subgroup of GL(d,k) acting linearly on R. The corresponding invariant ring RG is
the completion at the origin of the coordinate ring of the quotient variety Adk/G, so we will refer to
it as a quotient singularity. The study of these objects and their properties lies at the intersection
of several branches of mathematics and has been largely explored both from a geometric and an
algebraic point of view. In the modular case, i.e., when the characteristic of k divides the order of the
group G, even the Cohen-Macaulay property is not fully understood (see e.g. [CW11, Example 8.0.9]
or [Kem99]), so we will rather focus on the non-modular situation, that is when char k ∤ |G|. Under
this assumption it is well known that the invariant ring RG is a complete local normal domain and it
is Cohen-Macaulay thanks to Hochster-Eagon’s Theorem [HE71]. Moreover, thanks to an old result
of Prill [Pri67] it is not restrictive to assume further that the acting group is small, i.e., it does not
contain pseudo-reflections. In this case, by a result of Watanabe [Wat74a, Wat74b] the Gorenstein
property of these rings is also well understood. Namely, RG is Gorenstein if and only if the group
G is contained in SL(d,k). Therefore, it arises as a natural problem to look for a characterization
of the nearly Gorenstein property for these rings. In fact, we investigate precisely this question for
two important classes of quotient singularities: cyclic quotient singularities, i.e., when the group G
is cyclic, and two-dimensional complex quotient singularities, i.e., d = 2 and k = C.
For cyclic quotient singularities, we are able to find a numerical criterion which gives a nec-
essary and sufficient condition for the ring RG to be nearly Gorenstein. Using this criterion,
we identify several classes of nearly Gorenstein rings. We recall that if G is a cyclic small sub-
group of GL(d,k) of order n with char k ∤ n, we can assume that it is generated by a diagonal
matrix φ = diag(λt1 , . . . , λtd), where λ is a primitive n-th root of unity in k and t1, . . . , td are
positive integers such that gcd(ti1 , . . . , tid−1 , n) = 1 for every (d − 1)-tuple with distinct integers
i1, . . . , id−1 ∈ {1, . . . , d}. We denote the corresponding invariant ring RG by 1n(t1, . . . , td).
Theorem A (see Proposition 2.4 and Corollaries 2.5, 2.6, 2.9). Let n, d ≥ 2 and t1, . . . , td ≥ 1 be
integers and assume that at least one of the following holds:
• d = 2;
• n ≤ 3;
• t1 ≡ · · · ≡ td ≡ 1 mod n;
• t1 ≡ · · · ≡ td−1 ≡ 1 mod n and td ≡ −d+ 2 mod n.
Then, the cyclic quotient singularity 1n(t1, . . . , td) is nearly Gorenstein.
In the case t1 ≡ · · · ≡ td ≡ 1 mod n the corresponding invariant ring is a Veronese subalgebra of
R. We also notice that, when R is a Gorenstein positively graded k-algebra with positive dimension,
Veronese subalgebras of R are known to be nearly Gorenstein by [HHS19, Corollary 4.7]. Moreover,
Theorem A says that if the dimension is two or if the order of the group is at most 3, then cyclic
quotient singularities are always nearly Gorenstein. However, as soon as these assumptions are
dropped we may find examples of cyclic quotient singularities that are not nearly Gorenstein. For
instance, the invariant ring 14(1, 2, 3) is not nearly Gorenstein (see Example 2.8). More generally,
the numerical criterion we proved can be implemented to find all nearly Gorenstein cyclic quotient
singularities for some values of n and d. For example, see Table 1 for an exhaustive list of non-
isomorphic nearly Gorenstein cyclic quotient singularities with small values of n and d.
In Section 3 we consider the field of complex numbers C and we turn our attention to the two-
dimensional case, where the finite small group G ⊆ GL(2,C) is not necessarily cyclic. The finite
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small subgroups of SL(2,C), the so-called binary polyhedral groups, were classified by Klein in his
remarkable Vorlesungen über das Ikosaeder [Kle84] by using the fact that they are double covers of
the rotational symmetry groups of the Platonic solids, together with two degenerate cases. More
precisely, there are two infinite families coming from the degenerate cases, cyclic groups Cn,n−1 and
binary dihedral groups Dn,n−1, and other three groups: the binary tetrahedral group T1, the binary
octahedral group O1 and the binary icosahedral group I1. The corresponding invariant rings are the
unique two-dimensional Gorenstein quotient singularities and are known by many names such as
Kleinian singularities, Du Val singularities or ADE singularities [DV34]. They can be characterized
in many equivalent ways and their properties have been largely studied, see e.g. [Gre92] for a survey
on the different equivalent definitions and properties of these rings.
If we extend every finite subgroup of SL(2,C) listed above by the cyclic group generated by an
appropriate diagonal matrix, we obtain all finite small subgroups of GL(2,C) up to conjugation. In
particular, every finite small subgroup of GL(2,C) is conjugated to one of the groups in the following
families: cyclic groups Cn,q of order n generated by a matrix diag(ζn, ζ
q
n), where ζn is a primitive
n-th root of unity and q ≤ n− 1 is a positive integer coprime with n, and the groups Dn,n−m, Tm,
Om, Im obtained from the corresponding binary polyhedral groups in SL(2,C) by extension with
an appropriate cyclic group (here m ≥ 1 is an integer parameter related to the order of such cyclic
group). We refer the reader to Section 3 for precise definitions and generators of these groups.
Our main result is a complete classification of the nearly Gorenstein complex two-dimensional
quotient singularities.
Theorem B (see Theorem 3.1). Let G ⊆ GL(2,C) be a finite small group acting linearly on R =
CJu, vK and assume that the invariant ring RG is not Gorenstein. Then, RG is nearly Gorenstein
if and only if G is conjugated to one of these subgroups:
(i) Cn,q with 1 ≤ q ≤ n− 2 and gcd(n, q) = 1;
(ii) Dn,n−2 with n odd;
(iii) T5, O5, O7, O11, I7, I11, I17, I29.
Similarly to the Gorenstein case, we obtain two infinite families, (i) and (ii), and some excep-
tional cases (iii). This result also exhibits a more interesting behaviour of the nearly Gorenstein
property with respect to the almost Gorensteinness in this setting. Indeed, since they have rational
singularities, all two-dimensional quotient singularities are almost Gorenstein by [GTT15, Corol-
lary 11.4]. Consequently, our classification also enriches the literature with several classes of almost
Gorenstein two-dimensional rings which are not nearly Gorenstein.
The structure of the paper is the following. First, in Section 1 we review some basic definitions
and notations on nearly Gorenstein rings and quotient singularities. Then, in Section 2 we focus on
nearly Gorenstein cyclic quotient singularities. In Theorem 2.3 we prove a numerical criterion that
characterizes them and we use this to provide several classes of nearly Gorenstein rings as stated
in Theorem A. Finally, Section 3 is dedicated to the proof of our classification of two-dimensional
nearly Gorenstein quotient singularities (Theorem B).
Acknowledgments. This work began at the Institute of Mathematics of the University of Barcelona
(IMUB). The authors would like to express their gratitude to the IMUB for providing a fruitful work
environment.
1. Preliminaries
In this section we recall some basic definitions and standard facts on nearly Gorenstein rings and
quotient singularities.
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1.1. Nearly Gorenstein rings. Let (R,m) be a Cohen-Macaulay local ring which admits a canon-
ical module ωR. The trace of the canonical module, denoted by tr(ωR), is the sum of the ideals
ϕ(ωR) for any R-module homomorphism ϕ : ωR → R. In other words, we have
tr(ωR) =
∑
ϕ∈HomR(ωR,R)
ϕ(ωR).
The trace of ωR describes the non-Gorenstein locus of R. In fact, given a prime ideal p ⊆ R, then
Rp is not Gorenstein if and only if tr(ωR) ⊆ p (cf. [HHS19, Lemma 2.1]). In particular, since tr(ωR)
is an ideal, one has that R is Gorenstein if and only if tr(ωR) = R.
Definition 1.1 (Herzog, Hibi, Stamate [HHS19]). R is called nearly Gorenstein if m ⊆ tr(ωR).
It is immediately clear from the definition that Gorenstein rings are nearly Gorenstein and that
R is nearly Gorenstein but not Gorenstein if and only if tr(ωR) = m. In order to give a measure to
the distance of a ring to be Gorenstein or nearly Gorenstein, one defines the residue of R as
res(R) = ℓR(R/ tr(ωR)) ∈ N ∪ {∞}.
The ring R is Gorenstein if and only if res(R) = 0 and it is nearly Gorenstein if and only if
res(R) ≤ 1.
If there exists a canonical module ωR that is also an ideal of R we say that ωR is a canonical ideal
of R. In this case there is a useful formula to find its trace. We denote the total ring of fractions of
R by Q(R).
Lemma 1.2. [HHS19, Lemma 1.1] Let (R,m) be a local domain with a canonical ideal ωR. Then,
the trace ideal of the canonical module of R is equal to tr(ωR) = ωR(R :Q(R) ωR).
In particular, if ωR is a canonical ideal, then it is included in tr(ωR) because 1 ∈ (R :Q(R) ωR).
1.2. Quotient singularities. Let k be an algebraically closed field and let G be a finite subgroup
of GL(d,k) such that the order |G| of G is coprime with the characteristic of k. We consider a
power series ring R = kJx1, . . . , xdK over k. The group G acts linearly on R with the action on the
variables x1, . . . , xd given by matrix multiplication. We denote by R
G the ring of invariants under
this action and we will call it also (non-modular) quotient singularity.
We recall that an element σ ∈ G is called pseudo-reflection if the fixed subspace {v ∈ kd : σv = v}
has dimension d − 1. We will always assume that the acting group G is small, i.e., that it does
not contain pseudo-reflections. This is not restrictive in our setting. In fact, by a theorem of Prill
[Pri67] if G is not small we can replace R by another power series ring S and find a small finite linear
group H such that RG ∼= SH . This is essentially a consequence of the Chevalley–Shephard–Todd
Theorem which implies that the ring of invariants of a finite group generated by pseudo-reflections
acting on a power series ring is again a regular local ring.
Under the previous assumptions, the quotient singularity RG is a Cohen-Macaulay complete
local normal domain of dimension d. Moreover, Watanabe [Wat74a, Wat74b] proved that RG is
Gorenstein if and only if G ⊆ SL(d,k). In this case RG is called special quotient singularity. If G
is a cyclic group, then RG is called cyclic quotient singularity. The Kleinian singularities are the
two-dimensional complex special quotient singularities CJx1, x2K
G.
In order to study the nearly Gorenstein property of quotient singularities, it is important to
understand their canonical module. To this purpose, we introduce the following definition.
Definition 1.3. Let R = kJx1, . . . , xdK be a power series ring and let G be a finite small subgroup
of GL(d,k) such that char k ∤ |G|. We say that an element f ∈ R is a G-canonical element of R if
σ(f) = det σ · f for all σ ∈ G.
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The previous definition is motivated by the following result due to Singh [Sin70] and Watanabe
[Wat74b, Theorem 1′] (see also [Sta78] or [BH98, Theorem 6.4.9] for an alternative proof).
Theorem 1.4 (Singh-Watanabe). Let R and G be as above and let f ∈ R be a G-canonical element,
then fR ∩RG is a canonical ideal of RG.
2. Cyclic quotient singularities
In this section we focus on the nearly Gorenstein property for cyclic quotient singularities. We
consider a formal power series ring R = kJx1, . . . , xdK over an algebraically closed field k and a finite
small cyclic group G ⊆ GL(d,k) such that |G| = n is not zero in k.
Since G is a finite cyclic group, we can assume that it is generated by a diagonal matrix φ of the
form
φ = diag(λt1 , . . . , λtd) =


λt1 0 . . . 0
0 λt2 . . . 0
...
...
. . .
...
0 0 . . . λtd


where λ is a primitive n-th root of unit in k and t1, . . . , td ≥ 0 are integers. If td ≡ 0 mod n,
one can set S = kJx1, . . . , xd−1K and H ⊆ GL(d− 1,k) the group generated by diag(λt1 , . . . , λtd−1),
then RG is nearly Gorenstein if and only if SH is Gorenstein, by [HHS19, Proposition 4.5]. For
this reason, we will assume without loss of generality that t1, . . . , td 6≡ 0 mod n. In this case,
the lack of pseudo-reflections in G is equivalent to the condition gcd(ti1 , . . . , tid−1 , n) = 1 for every
(d − 1)-tuple with distinct integers i1, . . . , id−1 ∈ {1, . . . , d}. With these conventions, we denote
the cyclic quotient singularity RG by 1n(t1, . . . , td). We point out that this notation is not unique.
For instance 13 (1, 1, 2) =
1
3(2, 2, 1) are equal because they are invariant rings with respect to the
same group. Since the action of G on R is diagonal, the k-algebra 1n(t1, . . . , td) can be generated
by monomials, more precisely one can choose a (non-minimal) system of generators as follows
RG = kJxα11 . . . x
αd
d | α1 + · · ·+ αd ≤ n and α1t1 + · · · + αdtd ≡ 0 mod nK.
Proposition 2.1. Let R and G be as above. A G-canonical element of R is given by f = x1x2 . . . xd.
Moreover, we have
tr(ωRG) = (fR)
G(R :Q(R) fR)
G.
Proof. Since G is generated by φ = diag(λt1 , . . . , λtd), to prove that f is a G-canonical element it is
enough to observe that φ(f) = λt1 . . . λtdf = det(φ)f .
We now prove that tr(ωRG) = (fR)
G(R :Q(R) fR)
G. First, notice that by Lemma 1.2 and
Theorem 1.4 we have tr(ωRG) = (fR∩RG)(RG :Q(RG) (fR∩RG)). So, since fR∩RG = (fR)G, it
is enough to prove that
RG :Q(RG) (fR ∩RG) = (R :Q(R) fR)G.
The inclusion (R :Q(R) fR)
G ⊆ (RG :Q(RG) (fR ∩ RG)) is clear. Conversely, consider an element
a/b ∈ (RG :Q(RG) (fR ∩ RG)) with gcd(a, b) = 1. By hypothesis gcd(t1, . . . , td−1, n) = 1 and so
there exist a1, . . . , ad−1 positive integers such that a1t1 + · · · + ad−1td−1 ≡ 1 mod n. Therefore,
there exists a positive r such that
(a1t1 + · · · + ad−1td−1)r + t1 + · · ·+ td−1 + td ≡ 0 mod n.
This implies that h = (xa11 x
a2
2 . . . x
ad−1
d−1 )
rf ∈ RG, because φ(h) = (∏d−1i=1 λraiti∏di=1 λti)h = h. It
follows that ah/b ∈ RG, then b is a monomial and x2d does not divide b. Since we can repeat the
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same reasoning with respect to every variable, we get that b is squarefree and, therefore, b divides
f . This means that af/b ∈ R and, then, a/b ∈ (R :Q(R) fR)G as required. 
Lemma 2.2. Let h = xa11 . . . x
ad
d be a monomial of R
G and let f = x1x2 . . . xd. Then, h ∈ tr(ωRG)
if and only if one of the following two conditions holds:
(1) ai > 0 for all i = 0, . . . , d;
(2) h = xa1σ(1) · · · x
aj
σ(j) with j < d, where σ is a permutation of {1, . . . , d} and there exist in-
tegers b1, . . . , bj such that 0 < bk ≤ ak + 1 for every k ∈ {1, . . . , j} and
∑j
k=1 bktσ(k) ≡
−∑dk=j+1 tσ(k) mod n.
Proof. If ai > 0 for every i, we observe that h ∈ fR ⊆ tr(ω(RG)) because 1 ∈ (R :Q(R) fR)G. There-
fore, without loss of generality we suppose that h = xa11 . . . x
aj
j for some j < d. By Proposition 2.1
h ∈ tr(ωRG) if and only if there is an equality
(1) h = (xb11 . . . x
bd
d )
xc11 . . . x
cd
d
xe11 . . . x
ed
d
with xb11 . . . x
bd
d ∈ (fR)G and xc11 . . . xcdd /xe11 . . . xedd ∈ (R :Q(R) fR)G, where we assume that the
fraction is irreducible. Since f = x1 . . . xd, it follows that ei ≤ 1 for every i = 1, . . . , d. Moreover,
for every k = j + 1, . . . , d we have ak = 0 which implies bk = ek = 1 and ck = 0. We also note that
ai = bi + ci − ei for every i and, therefore, 1 ≤ bi ≤ ai + 1. Since h ∈ RG, if xb11 . . . xbjj xj+1 . . . xd
is invariant under the action of G, also xc11 . . . x
cj
j /x
e1
1 . . . x
ej
j xj+1 . . . xd is invariant. Recall that
RG = kJxα11 . . . x
αd
d | α1 + · · · + αd ≤ n and α1t1 + · · · + αdtd ≡ 0 mod nK. Then, it is possible
to write h as in (1) if and only if there exist integers b1, . . . , bj such that 1 ≤ bi ≤ ai + 1 and∑j
i=1 biti +
∑d
k=j+1 tk ≡ 0 mod n. 
Observing that RG is nearly Gorenstein if and only if the conditions of Lemma 2.2 hold for every
generator of the maximal ideal of RG we get the following criterion.
Theorem 2.3. The ring RG is nearly Gorenstein if and only if for every 0 < i < d, every permu-
tation σ of {1, . . . , d} and every i-tuple (a1, . . . , ai) of positive integers such that a1 + · · · + ai ≤ n
and a1tσ(1) + · · · + aitσ(i) ≡ 0 mod n, there exist integers b1, . . . , bi such that
∑i
j=1 bjtσ(j) ≡
−∑dk=i+1 tσ(k) mod n and 0 < bj ≤ aj + 1 for every j ∈ {1, . . . , i}.
We want to use the previous theorem to find examples of nearly Gorenstein cyclic quotient
singularities. First, we recall that by Watanabe’s Theorem a 1n(t1, . . . , td)-singularity is Gorenstein
if and only if the acting group G is contained in SL(d,k) which is in turn equivalent to the condition
t1 + · · · + td ≡ 0 mod n. For instance, for each dimension d the singularity 1n(1, . . . , 1, td) with
td ≡ −d+1 mod n is Gorenstein. In a similar fashion, we can obtain examples of nearly Gorenstein
cyclic quotient singularities in every dimension.
Proposition 2.4. Let d ≥ 3 and n ≥ 3 be integers such that gcd(−d + 2, n) = 1. Choose an
integer td ≥ 1 such that td ≡ −d+2 mod n. Then, the quotient singularity 1n(1, . . . , 1, td) is nearly
Gorenstein, but not Gorenstein.
Proof. As usual let R = kJx1, . . . , xdK and consider the group G generated by diag(λ, . . . , λ, λ
td)
for a primitive n-th root of unity λ ∈ k, so that RG = 1n(1, . . . , 1, td). It is clear that RG is not
Gorenstein, since 1+· · ·+1−d+2 = 1 6≡ 0 mod n. We prove that RG is nearly Gorenstein by using
Theorem 2.3. Consider 0 < i < d, a permutation σ of {1, . . . , d} and a i-tuple (a1, . . . , ai) of positive
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integers such that a1 + · · ·+ ai ≤ n and a1tσ(1) + · · ·+ aitσ(i) ≡ 0 mod n. If tσ(1) = · · · = tσ(i) = 1,
then we have a1+ · · ·+ai = n. Therefore, the sum
∑
j≤i bj for 0 < bj ≤ aj+1 runs over all possible
residues modulo n, thus there exist bj’s such that
∑i
j=1 bjtσ(j) ≡ −
∑d
k=i+1 tσ(k) mod n is satisfied.
Suppose now that tσ(1) = · · · = tσ(i−1) = 1 and tσ(i) = td ≡ −d + 2 mod n. We distinguish two
possibilities. If i = 1, then we have (−d + 2)a1 ≡ 0 mod n and, since −d + 2 is coprime with n,
we obtain a1 ≡ 0 mod n, which forces a1 = n being a1 ≤ n. Therefore, 0 < b1 ≤ a1 + 1 ranges
over all possible residues modulo n and we conclude as before. Suppose now that i > 1. We choose
bi = ai + 1, bi−1 = ai−1, and bj = aj + 1 for all j = 1, . . . , i− 2. Then, we obtain
b1 + · · · + bi−1 + bitd ≡ a1 + · · ·+ ai−1 + (−d+ 2)ai + (i− 2) · 1 + (−d+ 2) ≡ −(d− i) mod n.
Hence, RG is nearly Gorenstein. 
The case d = 2 was left out from the previous proposition, but in fact two-dimensional cyclic
quotient singularities are always nearly Gorenstein.
Corollary 2.5. If R = kJx1, x2K and G is cyclic, then R
G is nearly Gorenstein.
Proof. Let a1 ≤ n be such that a1tσ(1) ≡ 0 mod n. Since there are no pseudo-reflections in G, we
have gcd(tσ(1), n) = 1 and, then, n divides a1. In particular, a1 = n. Therefore, there is a solution
of the equation b1tσ(1) ≡ −tσ(2) mod n such that 0 < b1 ≤ n = a1 and Theorem 2.3 implies that
RG is nearly Gorenstein. 
Now, we focus on groups with small order. We recall that for n = 2 and d even the ring RG
is Gorenstein since G ⊆ SL(d,k). More generally, we prove that for n ≤ 3 it is always nearly
Gorenstein.
Corollary 2.6. Let G be a cyclic group of order at most 3, then RG is nearly Gorenstein.
Proof. We prove only the case of order 3, since the case when |G| = 2 can be done in the same
way. So, assuming |G| = 3, we will prove that RG is nearly Gorenstein by using Theorem 2.3. Let
(a1, . . . , ai) be positive integers such that a1tσ(1) + · · · + aitσ(i) ≡ 0 mod 3 for a permutation σ of
{1, . . . , d}. We need to find positive integers bj ≤ aj + 1 such that
∑i
j=1 bjtσ(j) ≡ −
∑d
k=i+1 tσ(k)
mod 3. If −∑dk=i+1 tσ(k) ≡ 0 mod 3, it is enough to set bj = aj for every j = 1, . . . , i. If
−∑dk=i+1 tσ(k) ≡ 1 mod 3 and there exists 1 ≤ p ≤ i such that tσ(p) ≡ 1 mod 3, then we can
set bp = ap + 1 and bj = aj for 1 ≤ j ≤ i, j 6= p. Assume now that tσ(j) ≡ 2 mod 3 for every
j = 1, . . . , i. If i = 1, then a1 has to be equal to 3 and we can put b1 = 2, otherwise it is enough
to set b1 = a1 + 1, b2 = a2 + 1 and bj = aj for 3 ≤ j ≤ i. The case −
∑d
k=i+1 tσ(k) ≡ 2 mod 3 is
analogous to the previous one. 
As soon as the dimension of R is bigger than 2 and the order of G is greater than 3, it is possible
to find cyclic quotient singularities RG that are not nearly Gorenstein. In order to exhibit some
examples we state a necessary condition which follows immediately from Theorem 2.3.
Remark 2.7. Let 1n(t1, . . . , td) be nearly Gorenstein. If gcd(tσ(1), . . . , tσ(i), n) = m > 1 for some
i > 0 and some permutation σ of {1, . . . , d}, then tσ(i+1) + · · · + tσ(d) ≡ 0 mod m. Indeed, if we
choose a1 = n, Theorem 2.3 implies that there exists b1 such that b1tσ(1) ≡ −
∑d
k=2 tσ(k) mod n.
Therefore, it is enough to consider this congruence modulo m.
Example 2.8. (1) Let gcd(n, t1) = m > 2, with gcd(m + 1, n) = 1 and let t1 = t2 = · · · = td−2
and td−1 = td = m + 1. Therefore, gcd(t1, . . . , td−2, n) = m > 1, but td−1 + td ≡ 2 6≡ 0 mod m.
Hence, RG is not nearly Gorenstein by the previous remark. For instance, 18(4, 5, 5) =
1
8(1, 1, 4) is
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not nearly Gorenstein.
(2) Let t1 = 1, t2 = n − 1, t3 = n− 2. We have t1 + t2 ≡ 0 mod n, but there are no 0 < b1, b2 ≤ 2
such that b1−b2 ≡ 2 mod n. Hence, Theorem 2.3 implies that 1n(t1, t2, t3) is not nearly Gorenstein.
In particular 14(1, 2, 3) is not nearly Gorenstein. We also notice that in this case, if n > 3 is odd,
we have gcd(tσ(1), . . . , tσ(i), n) = 1 for every i and, therefore, the converse of Remark 2.7 does not
hold.
Another interesting class of nearly Gorenstein quotient singularities is given by Veronese subal-
gebras, which are obtained when t1 = t2 = · · · = td = 1. See [HHS19, Corollary 4.8] for a proof in
the positively graded case.
Corollary 2.9. The Veronese subalgebras of R are nearly Gorenstein.
Proof. Let 0 < i < d and let a1, . . . , ai be positive integers such that a1 + · · · + ai = n. Let
kn < d ≤ (k + 1)n for some non-negative integer k.
Assume first that d − i − kn ≥ 0. Then, we have 0 ≤ d − i − kn ≤ n − i that implies i ≤
n − (d − i − kn) ≤ n = ∑ij=1 aj . Therefore, there exist b1, . . . , bi such that 1 ≤ bj ≤ aj and∑i
j=1 bjtσ(j) ≡ n− (d− i− kn) ≡ −
∑d
k=i+1 tσ(k) mod n.
Assume now that d− i− kn < 0. It follows that 0 < kn− d+ i < i and then
kn−d+i∑
j=1
(aj + 1)tσj +
i∑
l=kn−d+i+1
altσl ≡ n+ kn− d+ i ≡ −(d− i) ≡ −
d∑
k=i+1
tσ(k) mod n.
Hence, the claim follows by Theorem 2.3. 
We recall that the residue of a local ring is a measure of how far is a ring from being nearly
Gorenstein. In the next proposition we show that we have cyclic quotient singularities of arbitrarily
large residue already in dimension 3.
Proposition 2.10. Let R = kJx, y, zK and let n and m be two coprime positive integers with n ≥ 2
and m < ⌈n2 ⌉. Consider the group G generated by diag(λ, λm, λn−1), where λ is a primitive n-th
root of unit in k. Then, res(RG) = m. In particular, RG is nearly Gorenstein if and only if m = 1.
Proof. In order to compute res(RG) = ℓRG(R
G/ tr(ωRG)) we count how many monomials of the
maximal ideal m of RG are not in tr(ωRG). We fix f = xyz and we recall that tr(ωRG) =
(fR)G (R :Q(R) fR)
G by Proposition 2.1. Let g = xaybzc ∈ m. If a, b, c > 0, then we can
write g = fxa−1yb−1zc−1 ∈ (fR)G ⊆ tr(ωRG). If b = c = 0, then g = xa ∈ m implies that n divides
a. Then, the condition of Lemma 2.2 is satisfied for g, since b1 gives all possible residues modulo n
for 0 < b1 ≤ a + 1. Therefore, xa ∈ tr(ωRG). Similarly, one obtains that yb, zc ∈ tr(ωRG) because
gcd(m,n) = gcd(n − 1, n) = 1.
It remains to check the monomials of the form xayb, xazc, ybzc ∈ m with a, b, c > 0. We use
again the criterion of Lemma 2.2. If ybzc ∈ m, then mb + (n − 1)c ≡ 0 mod n. It follows that
mb + (n − 1)(c + 1) ≡ n − 1 ≡ −1 = −t1 mod n, therefore ybzc ∈ tr(ωRG). If xayb ∈ m, then
a+mb ≡ 0 mod n implies (a+ 1) +mb ≡ 1 ≡ −(n− 1) = −t3 mod n, thus xayb ∈ tr(ωRG).
Finally, consider a monomial xazc ∈ m. If a ≥ n or c ≥ n, then xayb ∈ tr(ωRG) because xn and yn
are in tr(ωRG), therefore we may assume a, c < n. Since x
azc ∈ m, we have a+(n−1)c ≡ 0 mod n,
thus a ≡ c mod n which implies a = c. By Lemma 2.2, xazc ∈ tr(ωRG) if and only if there exist
0 < b1, b3 ≤ a+1 such that b1−b3 ≡ −m mod n. We notice that b1−b3 ∈ {a, a−1, . . . ,−a+1,−a}
and, so, there are exactly m− 1 monomials in m of the form xaza that do not satisfy this criterion:
xaza with 1 ≤ a ≤ m− 1. Hence, dimRG/m(RG/ tr(ωRG)) = dimRG/m(m/ tr(ωRG)) + 1 = m. 
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We conclude this section by considering the nearly Gorenstein property of cyclic quotient sin-
gularities 1n(t1, . . . , td) for small values of d and n. In Table 1 we present an exhaustive list of
non-isomorphic cyclic quotient singularities for d = 3 and 4 ≤ n ≤ 7, and for d = 4 and 4 ≤ n ≤ 6.
Moreover, by using the numerical criterion of Theorem 2.3, we report if they are Gorenstein, nearly
Gorenstein or not.
Ring Is nearly Gor. Ring Is nearly Gor. Ring Is nearly Gor.
1
4 (1, 1, 1) NG
1
4(1, 1, 2) G
1
4 (1, 1, 3) NG
1
4 (1, 2, 3) not NG
1
5(1, 1, 1) NG
1
5 (1, 1, 2) NG
1
5 (1, 1, 3) G
1
5(1, 1, 4) NG
1
5 (1, 2, 3) not NG
1
6 (1, 1, 1) NG
1
6(1, 1, 2) NG
1
6 (1, 1, 3) not NG
1
6 (1, 1, 4) G
1
6(1, 1, 5) NG
1
6 (1, 2, 3) G
1
6 (1, 2, 5) not NG
1
6(1, 3, 4) not NG
1
6 (1, 3, 5) not NG
1
7 (1, 1, 1) NG
1
7(1, 1, 2) NG
1
7 (1, 1, 3) not NG
1
7 (1, 1, 4) NG
1
7(1, 1, 5) G
1
7 (1, 1, 6) NG
1
7 (1, 2, 3) not NG
1
7(1, 2, 4) G
1
7 (1, 2, 5) not NG
1
7 (1, 2, 6) not NG
1
4(1, 1, 1, 1) G
1
4 (1, 1, 1, 2) not NG
1
4 (1, 1, 1, 3) not NG
1
4(1, 1, 2, 2) NG
1
4 (1, 1, 2, 3) not NG
1
4 (1, 1, 3, 3) G
1
4(1, 2, 2, 3) G
1
5 (1, 1, 1, 1) NG
1
5 (1, 1, 1, 2) G
1
5(1, 1, 1, 3) NG
1
5 (1, 1, 1, 4) not NG
1
5 (1, 1, 2, 2) NG
1
5(1, 1, 2, 3) NG
1
5 (1, 1, 2, 4) not NG
1
5 (1, 1, 3, 4) NG
1
5(1, 1, 4, 4) G
1
5 (1, 2, 3, 4) G
1
6 (1, 1, 1, 1) NG
1
6(1, 1, 1, 2) not NG
1
6 (1, 1, 1, 3) G
1
6 (1, 1, 1, 4) not NG
1
6(1, 1, 1, 5) not NG
1
6 (1, 1, 2, 2) G
1
6 (1, 1, 2, 3) not NG
1
6(1, 1, 2, 4) NG
1
6 (1, 1, 2, 5) not NG
1
6 (1, 1, 3, 3) not NG
1
6(1, 1, 3, 4) not NG
1
6 (1, 1, 3, 5) not NG
1
6 (1, 1, 4, 4) NG
1
6(1, 1, 4, 5) not NG
1
6 (1, 1, 5, 5) G
1
6 (1, 2, 2, 3) not NG
1
6(1, 2, 2, 5) not NG
1
6 (1, 2, 3, 3) not NG
1
6 (1, 2, 3, 4) not NG
1
6(1, 2, 3, 5) not NG
1
6 (1, 2, 4, 5) G
1
6 (1, 3, 3, 4) not NG
1
6(1, 3, 3, 5) G
1
6 (1, 3, 4, 4) G
Table 1. Cyclic quotient singularities for d = 3 and 4 ≤ n ≤ 7, and for d = 4 and
4 ≤ n ≤ 6. G means Gorenstein and NG means nearly Gorenstein.
3. Two-dimensional quotient singularities
Let C be the field of complex numbers and set R = CJu, vK. In this section, we classify nearly
Gorenstein invariant rings RG, where G is a finite small subgroup of GL(2,C). Our result relies on
the well-known classification of such subgroups which goes back to Klein [Kle84] (see also [Bea10,
Bri67, Rie77]). We will shortly review it using the notation from Riemenschneider [Rie77], where it
is also possible to find all the generating invariants for the corresponding quotient singularities.
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Given a positive integer k, we denote by ζk = exp(
2πi
k ) a primitive k-th root of unity in C. We
consider the following matrices in GL(2,C):
φk =
(
ζk 0
0 ζk
)
, ψk =
(
ζk 0
0 ζ−1k
)
, θk,q =
(
ζk 0
0 ζqk
)
,
σ =
(
0 −1
1 0
)
, τ =
(
0 i
i 0
)
, η =
1√
2
(
ζ8 ζ
3
8
ζ8 ζ
7
8
)
,
ω =
(
ζ35 0
0 ζ25
)
, ι =
1√
5
(
ζ45 − ζ5 ζ25 − ζ35
ζ25 − ζ35 ζ5 − ζ45
)
.
Every finite small subgroup of GL(2,C) is conjugated to one of the groups in the following families.
1) The cyclic group Cn,q generated by θn,q where 1 ≤ q < n are integers such that gcd(n, q) = 1.
We also set m = n− q.
2) Given two coprime positive integers n, q such that 1 < q < n, the group Dn,q generated by the
matrices:
a) ψ2q, τ , φ2m if m = n− q ≡ 1 mod 2;
b) ψ2q, τ ◦ φ4m if m = n− q ≡ 0 mod 2.
3) The group Tm, for m ≡ 1, 3, 5 mod 6, generated by:
a) ψ4, τ , η, φ2m if m ≡ 1, 5 mod 6;
b) ψ4, τ , η ◦ φ6m if m ≡ 3 mod 6.
4) The group Om, for gcd(m, 6) = 1, generated by ψ8, τ , η, and φ2m.
5) The group Im, for gcd(m, 30) = 1, generated by σ, ω, ι, and φ2m.
The rings of invariants under the actions of Dn,q, Tm, Om, and Im are called dihedral, tetrahedral,
octahedral, and icosahedral singularities respectively.
We observe that in each of the previous families, setting m = 1 yields a subgroup of SL(2,C).
More precisely, one obtains respectively the cyclic groups Cn,n−1, the binary dihedral groups Dn,n−1,
the binary tetrahedral group T1, the binary octahedral group O1, and the binary icosahedral group
I1. These are the unique (up to conjugation) finite small subgroups of SL(2,C). The corresponding
invariant rings are called Kleinian singularities and they are Gorenstein. Therefore, from now on we
will assumem > 1 and we classify nearly Gorenstein quotient singularities which are not Gorenstein.
Our main result is the following.
Theorem 3.1. Let G ⊆ GL(2,C) be a finite small group acting linearly on R = CJu, vK and assume
that the invariant ring RG is not Gorenstein. Then, RG is nearly Gorenstein if and only if G is
conjugated to one of these subgroups:
(i) Cn,q with 1 ≤ q ≤ n− 2 and gcd(n, q) = 1;
(ii) Dn,n−2 with n odd;
(iii) T5, O5, O7, O11, I7, I11, I17, I29.
We will prove this theorem by case analysis. We have already proved in Corollary 2.5 that two-
dimensional cyclic quotient singularities are nearly Gorenstein. Combining it with the upcoming
Propositions 3.5, 3.9, 3.14, and 3.20 we obtain immediately a proof of Theorem 3.1.
Before proceeding we present here a lemma that we shall use repeatedly.
Lemma 3.2. Let G ⊆ GL(d,k) be a finite small group acting linearly on R = kJx1, . . . , xdK, let
m be the maximal ideal of RG, and let f ∈ R be a G-canonical element of R. Assume that there
exist q1, . . . , qℓ, z ∈ m for some ℓ ≥ 2 such that gcd(q1, . . . , qℓ) = f and there are no elements of RG
dividing fz and divided by f . Then, RG is not nearly Gorenstein.
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Proof. Assume by contradiction that RG is nearly Gorenstein, then we have
z ∈ tr (ωRG) =
(
RG :Q(RG) (fR ∩RG)
)
· (fR ∩RG) .
Thus, we can write z = αβ · γ, where αβ ∈
(
RG :Q(RG) (fR ∩RG)
)
and γ ∈ fR ∩ RG. We assume
without loss of generality that the fraction αβ is reduced, by allowing α, β ∈ R to be not necessarily
invariants. The existence of the elements q1, . . . , qℓ ∈ m with gcd(q1, . . . , qℓ) = f forces β | f . Then,
the relation zβ = αγ yields γ | zβ and, therefore, γ | zf as well. This gives a contradiction because
no such γ ∈ fR ∩RG exists by the assumption on z. 
3.1. Dihedral quotient singularities. Let n > q be two positive integers with gcd(n, q) = 1
and set m = n − q. As we have already noticed, RDn,q is Gorenstein if and only if m = 1, so we
assume m > 1. We describe a minimal system of generators for the maximal ideal of the dihedral
singularities RDn,q following Behnke and Riemenschneider [BR78]. For this purpose, we consider
the Hirzebruch-Jung continued fraction expansion of n/m:
n
m
= a2 − 1
a3 − 1
···− 1
ae−1
,
where aε ≥ 2 for ε = 2, . . . , e − 1 are integers and e ≥ 3 is the embedding dimension of RDn,q by
[Bri67, Satz 2.11]. We define the following numerical sequences:
(2)
s2 = 1, s3 = 1, s4 = (a3 + 1)s3 − s2, sε+1 = aεsε − sε−1, 4 ≤ ε < e;
t2 = a2, t3 = a2 − 1, t4 = (a3 + 1)t3 − t2, tε+1 = aεtε − tε−1, 4 ≤ ε < e;
c2 = 1, c3 = 0, c4 = 1, cε+1 = aεcε − cε−1, 4 ≤ ε < e;
d2 = 0, d3 = 1, d4 = a3 − 1, dε+1 = aεdε − dε−1, 4 ≤ ε < e;
rε = mtε − qsε, 2 ≤ ε ≤ e.
We point out that the sequence rε is strictly decreasing for increasing ε and the last values are
re−1 = 1 and re = 0. On the other hand, the sequence sε is increasing and the last value is se = m.
(see e.g. [BR78, p. 214]).
We define also the polynomials
p1 = uv, p2 = u
2q + (−1)a2v2q, p3 = u2q + (−1)a2−1v2q.
We notice that p1, p2 and p3 are pairwise coprime. Finally, we also fix
f = pm+11 = (uv)
m+1.
It is straightforward to check that f is a Dn,q-canonical element.
Theorem 3.3 ([BR78],[Rie77, Satz 2]). A minimal system of generators for the maximal ideal of
RDn,q is given by the polynomials
y1 = p
2m
1 , yε = p
rε
1 p
cε
2 p
dε
3 , ε = 2, . . . , e.
Remark 3.4. Since re−1 = 1, we have ye−1 = p1p
ce−1
2 p
de−1
3 . By considering also the invariant
y1 = p
2m
1 , we have gcd(y1, y
m+1
e−1 ) = p
m+1
1 = (uv)
m+1 = f . Therefore, the existence of the elements
q1, . . . , qℓ of Lemma 3.2 is guaranteed for all choices of n and q.
Now, we are ready to characterize nearly Gorenstein dihedral singularities.
Proposition 3.5. Let n > q + 1 be two positive integers with gcd(n, q) = 1 and let m = n− q > 1.
Then, RDn,q is nearly Gorenstein if and only if q = n− 2.
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Proof. Let G = Dn,q and recall that ωRG = fR ∩ RG by Theorem 1.4, since f = (uv)m+1 is G-
canonical. First, we prove that the condition m = 2 is necessary for RG to be nearly Gorenstein.
Consider the sequences (2). We have r3 = mt3 − qs3 = ma2 −m− q = ma2 − n < m by definition
of a2. We divide the proof into two cases.
Assume first that r3 < m− 1 and consider the invariant
y3 = p
r3
1 p3 = (uv)
r3
(
u2q + (−1)t3v2q)
from Theorem 3.3. We want to show that there is no element x ∈ fR ∩RG that divides fy3, then
Lemma 3.2 and Remark 3.4 imply that RG is not nearly Gorenstein. Assume by contradiction that
such an element x exists. Since x is invariant and RG is generated by y1, . . . , ye, we can write x
as a power series in the yε’s and, in particular, in p1, p2, p3. Now, x divides fy3 = p
m+1+r3
1 p3 that
is a monomial in p1 and p3, which are coprime. Therefore, up to units we may assume that x is
a monomial in p1 and p3 as well. If p3 divides x, then y3 divides x as well and x = p
α
1 y3 with
α ≤ m + 1. In this case pα1 has to be invariant, but this is impossible by Theorem 3.3. Thus, x is
of the form x = pβ1 with m+ 1 ≤ β ≤ m+ 1 + r3 < 2m because r3 < m − 1, but again this is not
invariant by Theorem 3.3 and we obtain a contradiction. Therefore, x does not exist.
Assume now that r3 = m− 1, and set a = a2. A straightforward computation shows that
e = m+ 2, a3 = · · · = am+1 = 2, n = m(a− 1) + 1, q = ma− 2m+ 1,
sε = ε− 2, tε = (ε− 2)a− (2ε− 5), cε = ε− 3, dε = 1 for 4 ≤ ε < m+ 2
r2 = 2m− 1, rε = m− ε+ 2 for 3 ≤ ε ≤ m+ 2.
Assume that m ≥ 3, so that e = m+ 2 ≥ 5. According to Theorem 3.3, the first five generators of
the maximal ideal of RG are
y1 = p
2m
1 , y2 = p
2m−1
1 p2, y3 = p
m−1
1 p3, y4 = p
m−2
1 p2p3, y5 = p
m−3
1 p
2
2p3.(3)
We claim that there are no invariants multiples of f that are divisors of fy5 = p
2m−2
1 p
2
2p3 and,
then, Lemma 3.2 and Remark 3.4 imply that RG is not nearly Gorenstein. To prove the claim, we
assume by contradiction that x is such an invariant. As before, since x ∈ RG, it is a power series
in the yε’s and, thus, in p1, p2, p3. Moreover, x divides fy5 which is a monomial in the pairwise
coprime polynomials p1, p2, p3, then x must be a monomial in p1, p2, p3 as well. So x = p
α
1 p
β
2p
γ
3 with
m+ 1 ≤ α ≤ 2m− 2, 0 ≤ β ≤ 2, 0 ≤ γ ≤ 1. Since β ≤ 2 and yε = pm−ε+21 pε−32 p3 for all ε ≥ 3, such
an invariant x must be a product involving only the generators y1, . . . , y5. Moreover, α ≤ 2m − 2
implies that y1 and y2 are not divisors of x. Then, x involves only the monomials y3, y4, y5 and thus
γ = 1. Furthermore, x cannot be the product of 2 or more of them, because γ = 1. Hence, the only
remaining possibilities are x = y3, x = y4, or x = y5, but none of them are multiples of f , so x does
not exist.
We proved that necessary conditions forRG to be nearly Gorenstein arem = 2 and r3 = m−1 = 1.
To conclude the proof, we show that they are also sufficient. We notice that setting m = 2 forces
r3 = 1 because 1 ≤ r3 < m. In this case, the maximal ideal of RG is generated by the four
polynomials y1, . . . , y4 in (3). The polynomials y1 and y2 are multiples of f = p
3
1, so y1, y2 ∈ tr(ωRG).
Also, we can write y3 = y1 · y3y1 , where
y3
y1
= p3
p3
1
∈ (RG :Q(RG) (fR ∩ RG)) and y1 ∈ fR ∩ RG, so
y3 ∈ tr(ωRG). Finally, it is possible to write y4 = y2 · y4y2 , where
y4
y2
= p3
p3
1
∈ (RG :Q(RG) (fR ∩ RG))
and y2 ∈ fR ∩RG, so y4 ∈ tr(ωRG). Therefore, RG is nearly Gorenstein. 
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Remark 3.6. The nearly Gorenstein dihedral quotient singularities Dn,n−2 of Proposition 3.5 have
also a determinantal presentation. In this case, we have m = 2 and
n
m
=
n+ 1
2
− 1
2
,
which implies e = 4, a2 =
n+1
2 , and a3 = 2. In order to obtain nicer formulas, we replace p1 = uv by
p1 = αuv, where α ∈ C is such that α2n−4 = (−1)
n+1
2 4. This leaves the statement of Theorem 3.3
unaffected and yields the relation p22 = p
2
3+p
2n−4
1 . Then, a minimal system of generating invariants
of RDn,n−2 is given by y1 = p
4
1, y2 = p
3
1p2, y3 = p1p3, y4 = p2p3. Moreover, they satisfy the following
determinantal relations
I2
(
y1 y2 y
2
3
y2 y
2
3 + y
a2−1
1 y4
)
= 0,
which give also a minimal presentation of RDn,n−2 by [BR78, Satz 4]. See also [Wah77, §3] for more
general results on determinantal rational singularities.
3.2. Tetrahedral quotient singularities. Consider the group Tm and set
w1 = u
8 + 14u4v4 + v8,
w2 = u
12 − 33u8v4 − 33u4v8 + v12,
w3 = u
5v − uv5,
w4 = − 1√
3
u4 + 2iu2v2 − 1√
3
v4,
w5 =
1√
3
u4 + 2iu2v2 +
1√
3
v4.
(4)
The polynomials w1, w2, w3 are generating invariants for the unique Gorenstein tetrahedral singu-
larity RT1 , also known as E6 singularity (see e.g. [LW12, §6.16]). Moreover, we recall that for m > 1
generating invariants for the quotient singularities RTm can be chosen as monomials in w1, w2, w3
if m ≡ 1, 5 mod 6 by [Rie77, Satz 3,4], and as monomials in w1, w2, w3, w4, w5 if m ≡ 3 mod 6 by
[Rie77, Satz 5]. We note that gcd(w1, w4) = w4 and gcd(w1, w5) = w5, but except these two cases
the polynomials w1, w2, w3, w4, w5 are pairwise coprime.
For m > 1, we will prove that there is only one nearly Gorenstein ring in the family of tetrahedral
singularities RTm , namely RT5 .
Example 3.7 (Group T5). By [Rie77, Satz 4] the maximal ideal of R
T5 is generated by
z1 = w
5
3, z2 = w2w
3
3, z3 = w1w
2
3, z4 = w1w2, z5 = w
3
1w3.
Moreover, it is easy to see that w23 is a T5-canonical element, so a canonical ideal of R
T5 is ωRT5 =
w23R∩RT5 . It follows that z1, z2, z3 ∈ ωRT5 ⊆ tr(ωRT5 ) and, since z4/z3 = w2/w23 and z5/z3 = w21/w3
are in (RT5 :Q(RT5 ) ωRT5 ), also z4 = z3(z4/z3) and z5 = z3(z5/z3) are in tr(ωRT5 ). Hence, R
T5 is
nearly Gorenstein.
Lemma 3.8. Consider the group Tm and define f as follows:
• if m ≡ 1 mod 6, set f = w
2m+1
3
3 ;
• if m ≡ 5 mod 6, set f = w
m+1
3
3 ;
• if m ≡ 3 mod 6, set f = w1wm−13 .
Then, f is a Tm-canonical element.
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Proof. We prove only the first case, the other ones are similar. Since w3 is invariant under the action
of T1, it is invariant under the action of ψ4, τ , and η, whose determinant is one. Therefore, we only
need to look at the action of φ2m and, in particular, it is enough to check that f is a homogeneous
polynomial of degree equal to 2 modulo 2m. 
Proposition 3.9. Let m > 1 be a positive integer. Then, RTm is nearly Gorenstein if and only if
m = 5.
Proof. By Example 3.7, RT5 is nearly Gorenstein. To prove the only if part, we use Lemma 3.2.
Therefore, we shall provide a Tm-canonical element f ∈ R and q1, . . . , qℓ, z elements of the maximal
ideal of RTm such that gcd(q1, . . . , qℓ) = f , and no elements of R
Tm multiple of f divides fz. We
distinguish several cases depending on m > 1 and we present our choices in the following table.
The Tm-canonical element f is chosen as in Lemma 3.8. In order to avoid fractional exponents and
simplify the notation, in several cases we write m with respect to another integer parameter b > 2.
m f q1, . . . , qℓ z
3 w1w
2
3 w1w
2
3w4, w1w
3
3w5 w
3
3
6(b− 2) + 1 w4b−73 w6b−113 ,
(
w1w
b−3
2 w3
)4b−7
w1w
2b−5
3
6(b− 2) + 3 w1w6b−103 w1w10b−173 w5, w1wb−22 w6b−103 w4 w6b−93
6(b− 2) + 5 w2b−23 w6b−73 ,
(
w21w
b−3
2 w3
)2b−2
w21w
2b−5
3
Consider first the case m = 6(b − 2) + 1 and assume by contradiction that there exists x ∈ RTm
multiple of f that divides fz. Therefore, we can assume that x is a monomial in w1 and w3 up to
units. Since w1 and w3 have order 8 and 6, it follows that the order of f and fz is 4m+2 and 6m+2
respectively. Moreover, x is invariant under the action of φ2m and, then, its order is a multiple of
2m. Hence, the order of x is 6m, but this is a contradiction because x is a monomial in w1 and w3
dividing fz = w1w
6b−12
3 and the order of w1 and w3 are greater than 2. If m = 6(b − 2) + 5, we
can conclude with a similar argument, since in this case f and fz have order 2m + 2 and 4m + 2
respectively.
Now, let m = 6(b− 2)+3. As before, we assume by contradiction that there exists x ∈ RTm that
is a multiple of f = w1w
6b−10
3 and divides fz = w1w
12b−19
3 . Therefore, x = w1w
α
3 up to units for
some α ∈ N because w3 is coprime with every wi with i = 1, . . . , 5 and i 6= 3. Again, the order of
x has to be a multiple of 2m because φ2m = τ
2 ◦ (η ◦ φ6m)3 ∈ Tm and, in particular, it has to be
a multiple of 6. On the other hand the order of x is equal to 8 + 6α ≡ 2 mod 6 and so we get a
contradiction.
Finally, the case m = 3 can be checked easily by using the list of generating invariants provided
by [Rie77, Satz 5]. 
3.3. Octahedral quotient singularities. Consider the group Om and set
g1 = w
2
3, g2 = w2w3, g3 = w1,
where w1, w2, w3 are as in (4). Notice that the polynomials g1, g2, g3 are generating invariants for
the unique Gorenstein octahedral singularity RO1 , also known as E7 singularity (see e.g. [LW12,
§6.17]). More generally, for m > 1 generating invariants for the singularities ROm can be chosen as
monomials in g1, g2, g3 by [Rie77, Satz 6]. We point out that g3 is coprime with both g1 and g2 and
that ord g1 = 12, ord g2 = 18 and ord g3 = 8.
NEARLY GORENSTEIN QUOTIENT SINGULARITIES 15
The proof of the following lemma is similar to the proof of Lemma 3.8.
Lemma 3.10. Consider the group Om and let define f distinguishing two cases:
• if m ≡ 1, 5 mod 12, set f = g
3m+1
4
3 ;
• if m ≡ 7, 11 mod 12, set f = g
m+1
4
3 .
Then, f is an Om-canonical element.
Form > 1, we have precisely three nearly Gorenstein rings in the family of octahedral singularities
ROm . We explore them in the following examples.
Example 3.11 (Group O5). Consider the group G = O5 and the G-canonical element f = g
4
3 from
Lemma 3.10. By [Rie77, Satz 6], generating invariants for RG are
z1 = g
5
3 , z2 = g1g3, z3 = g1g2, z4 = g2g
4
3 .
The invariants z1 and z4 are multiples of f , so they are in tr(ωRG). Moreover, we can write z2 = z1
z2
z1
and z3 = z4
z3
z4
. Since z2z1 =
g1
g4
3
, z3z4 =
g1
g4
3
∈ (RG :Q(RG) (fR ∩ RG)), we have z2, z3 ∈ tr(ωRG) =
(fR ∩RG)
(
RG :Q(RG) (fR ∩RG)
)
. Thus, RO5 is nearly Gorenstein.
Example 3.12 (Group O7). Consider the group G = O7 and the G-canonical element f = g
2
3 from
Lemma 3.10. By [Rie77, Satz 6], a minimal set of generators for the maximal ideal of RG is given
by
z1 = g
7
3 , z2 = g1g
2
3 , z3 = g
2
1g2, z4 = g2g
3
3 , z5 = g
4
1g3.
Since z1, z2, z4 ∈ fR ∩RG, they are also in tr(ωRG). Then, we have
z3
z2
=
g1g2
g23
,
z5
z2
=
g31
g3
∈ (RG :Q(RG) (fR ∩RG)),
which implies z3 = z2
z3
z2
, z5 = z2
z5
z2
∈ tr(ωRG). Therefore, RO7 is nearly Gorenstein.
Example 3.13 (Group O11). Consider the group G = O11 and the G-canonical element f = g
3
3
from Lemma 3.10. By [Rie77, Satz 6], a minimal set of generators for the maximal ideal of RG is
given by
z1 = g
11
3 , z2 = g1g
4
3 , z3 = g
4
1g2, z4 = g2g
6
3 , z5 = g
3
1g3, z6 = g
2
1g2g
3
3 .
We have that z1, z2, z4 and z6 are multiples of f , so they are in tr(ωRG). Then, the fact
z3
z6
=
z5
z2
=
g21
g33
∈ (RG :Q(RG) (fR ∩RG))
implies that z3 = z6
z3
z6
, z5 = z2
z5
z2
∈ tr(ωRG) as well. Hence, RO11 is nearly Gorenstein.
Proposition 3.14. Let m > 1 be a positive integer. Then, ROm is nearly Gorenstein if and only if
m = 5, 7, 11.
Proof. The octahedral singularities RO5 , RO7 , and RO11 are nearly Gorenstein by Example 3.11,
Example 3.12, and Example 3.13. To prove that there are no other octahedral nearly Gorenstein
invariant rings, we use again Lemma 3.2. So, let G = Om with m 6= 5, 7, 11 and let f be the G-
canonical element from Lemma 3.10. We provide elements q1, . . . , qℓ, z in the maximal of R
G such
that gcd(q1, . . . , qℓ) = f and no invariant multiple of f divides fz. Our choices are summarized in
the following table. In order to avoid fractional exponents and simplify the notation, we write m
with respect to another integer parameter b > 2.
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m f q1, . . . , qℓ z
12(b− 2) + 1 g9b−173 g12b−233 ,
(
g2b−61 g2g3
)9b−17
g2g
3b−8
3
12(b− 2) + 5 g9b−143 g12b−193 ,
(
g4b−71 g3
)9b−14
g2g
3b−7
3
12(b− 2) + 7 g3b−43 g12b−173 ,
(
g2b−51 g2g3
)3b−4
g1g2g
3b−8
3
12(b − 2) + 11 g3b−33 g12b−133 ,
(
g4b−51 g3
)3b−3
g1g2g
3b−7
3
The fact that q1, . . . , qℓ, z are invariants and gcd(q1, . . . , qℓ) = f is easy to check. We have to
prove that no invariant multiple of f divides fz. So, assume by contradiction that there exists
x ∈ fR ∩ RG such that x | zf . Observe first that for our choices in each case we have ord z = 2m
since ord g1 = 12, ord g2 = 18 and ord g3 = 8. This implies ord f ≤ ordx ≤ ord f + 2m. Moreover,
being an invariant, x must have order multiple of 2m, since it is invariant for the matrix φ2m. Thus,
we obtain ordx = ord f+2m−2 = ord f+ord z−2, because either ord f = 6m+2 or ord f = 2m+2
depending on the residue of m modulo 12. On the other hand, since x | zf and x is invariant, it has
to be a monomial in g1, g2, g3 of the form x = g
a1
1 g
b1
2 g
c1
3 f up to units and with a1 ≤ a, b ≤ b, c1 ≤ c,
where z = ga1g
b
2g
c
3. This yields a contradiction because g1, g2, g3 have order greater than 2. 
3.4. Icosahedral quotient singularities. Consider the group Im and set
h1 = (uv)(u
10 + 11u5v5 − v10),
h2 = (u
20 + v20)− 228(u15v5 − u5v15) + 494u10v10,
h3 = (u
30 + v30) + 522(u25v5 − u5v25)− 10005(u20v10 + u10v20).
The polynomials h1, h2, h3 are generating invariants for the unique Gorenstein icosahedral singular-
ity RI1 , also known as E8 singularity (see e.g. [LW12, §6.18]). For m > 1 generating invariants for
the icosahedral singularities RIm can be chosen as monomials in h1, h2, h3 by [Rie77, Satz 7]. We
also notice that h1, h2, h3 are pairwise coprime.
We start by presenting our choices for Im-canonical elements in the following lemma. The proof
is similar to the proof of Lemma 3.8.
Lemma 3.15. Consider the group Im and set f as follows:
• f = h
5m+1
6
1 if m ≡ 1 mod 6;
• f = h
m+1
6
1 if m ≡ 5 mod 6.
Then, f is an Im-canonical element.
We have exactly four nearly Gorenstein rings among the icosahedral singularities RIm , if m > 1.
We discuss them in the next examples.
Example 3.16 (Group I7). Consider the group G = I7 with G-canonical element f = h
6
1 as in
Lemma 3.15. By [Rie77, Satz 7], the minimal generators of the maximal ideal of RG are
z1 = h1h3, z2 = h
7
1, z3 = h
3
1h2, z4 = h
2
2h3.
We observe that if p ∈ R, pha
1
∈ Q(RG) and a ≤ 6, then
p
ha1
∈ (RG :Q(RG) (fR ∩RG)).
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It follows that z1z2 ,
z3
z2
, z4
z2
3
∈ (RG :Q(RG) (fR ∩RG)) and, therefore, we have
z1 = z2
z1
z2
, z2 = z2 · 1, z3 = z2 z3
z2
, z4 = z
2
3
z4
z23
∈ (fR ∩RG)(RG :Q(RG) (fR ∩RG)) = tr(ωRG).
Hence, RI7 is nearly Gorenstein.
Example 3.17 (Group I11). Consider the group G = I11 with G-canonical element f = h
2
1 from
Lemma 3.15. By [Rie77, Satz 7], the minimal generators of the maximal ideal of RG are
z1 = h
3
1h3, z2 = h
2
1h2, z3 = h1h
6
2, z4 = h
4
2h3.
Therefore, z1, z2 ∈ tr(ωRG) because they are multiples of f . On the other hand, we can write z3 =
z2
z3
z2
with z3z2 =
h5
2
h1
∈ (RG :Q(RG) (fR∩RG)) and z4 = z2 z4z2 with
z4
z2
=
h3
2
h3
h2
1
∈ (RG :Q(RG) (fR∩RG)).
Thus, RI11 is nearly Gorenstein.
Example 3.18 (Group I17). Consider the group G = I17 with G-canonical element f = h
3
1 from
Lemma 3.15. By [Rie77, Satz 7], generating invariants for RG are given by
z1 = h
6
1h3, z2 = h
4
1h2, z3 = h
3
1h
5
2, z4 = h1h
3
2h3, z5 = h
7
2h3.
The invariants z1, z2, z3 are multiples of f , then they are in tr(ωRG). Moreover, we can write
z4 = z2
z4
z2
and z5 = z3
z5
z3
with z4z2 =
h2
2
h3
h3
1
and z5z3 =
h2
2
h3
h3
1
both in (RG :Q(RG) (fR ∩RG)). Therefore,
z4, z5 ∈ tr(ωRG) as well, and so RI17 is nearly Gorenstein.
Example 3.19 (Group I29). Consider the group G = I29 with G-canonical element f = h
5
1 as in
Lemma 3.15. By [Rie77, Satz 7], the minimal generators of the maximal ideal of RG are
z1 = h
12
1 h3, z2 = h
8
1h2, z3 = h
3
1h
4
2, z4 = h
7
1h
3
2h3, z5 = h
2
1h
6
2h3, z6 = h1h
11
2 , z7 = h
13
2 h3.
The invariants z1, z2, z4 are multiples of f , so they are in tr(ωRG). Moreover, we can write z3 = z2
z3
z2
,
z5 = z4
z5
z4
, z6 = z
2
3
z6
z2
3
, and z7 = z3z5
z7
z3z5
. It is straightforward to check that z3z2 ,
z5
z4
, z6
z2
3
, z7z3z5 ∈
(RG :Q(RG) (fR ∩RG)) and, since z2, z4, z23 and z3z5 are multiples of f , we obtain that z5, z6, z7 ∈
tr(ωRG). Therefore, R
I29 is nearly Gorenstein.
Proposition 3.20. Let m > 1 be a positive integer. Then, RIm is nearly Gorenstein if and only if
m = 7, 11, 17, 29.
Proof. By Example 3.16, Example 3.17, Example 3.18, and Example 3.19, we know that RIm is
nearly Gorenstein for m = 7, 11, 17, 29. To prove the only if part, we use again Lemma 3.2 and
we exhibit elements q1, . . . , qℓ, z in the maximal ideal of R
G such that gcd(q1, . . . , qℓ) = f , and no
invariant multiple of f divides fz, where f is taken as in Lemma 3.15. Our choices are summarized
in the following table. As usual, in several cases we write m with respect to another parameter
b > 2.
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m f q1, . . . , qℓ z
13 h111 h
12
1 h
3
3, (h1h
2
2)
11 h1h
2
2
19 h161 h
16
1 h
112
2 , h
21
1 h
3
3 h
3
1h
2
2
23 h41 h
9
1h3, h
4
1h
16
2 h1h
4
2
30(b− 2) + 1 h25b−491 (h1h3b−82 h3)25b−49, (h15b−321 h3)3, (h10b−231 h22)7 h5b−141 h2h3
30(b− 2) + 7 h25b−441 (h1h9b−182 h3)25b−44, (h15b−291 h3)2, (h10b−211 h22)4 h5b−131 h2h3
30(b− 2) + 11 h5b−81 (h1h3b−72 h3)5b−8, h15b−271 h3, h10b−181 h2 h5b−141 h22h3
30(b− 2) + 13 h25b−391 h30b−521 h23, (h1h6b−102 )25b−39 h5b−121 h2h3
30(b− 2) + 17 h5b−71 h30b−481 h23, (h1h9b−152 h3)5b−7, h30b−481 h32 h5b−131 h22h3
30(b− 2) + 19 h25b−341 (h1h12b−172 )25b−34, (h15b−231 h3)2 h5b−111 h2h3
30(b− 2) + 23 h5b−61 (h1h6b−82 )5b−6, h15b−211 h3 h5b−121 h22h3
30(b− 2) + 29 h5b−51 (h1h12b−132 )5b−5, h15b−181 h3 h5b−111 h22h3
For the cases m = 13, 19, 23 it is straightforward to check that the given z ∈ RG satisfies the
requirements of Lemma 3.2. A list of generators for the maximal ideal can be found in [Rie77,
Satz 7]. For the remaining cases, we observe that we always have ord z = 2m because ordh1 = 12,
ordh2 = 20 and ordh3 = 30. Assume by contradiction that there exists x ∈ fR ∩ RG such that
x | zf . Then, we would have ord f ≤ ordx ≤ ord f+2m. Moreover, being an invariant, x must have
order multiple of 2m, since it is invariant for the matrix φ2m. This forces ordx = ord f +2m− 2 =
ord f +ord z−2, because ord f = 10m+2 or ord f = 2m+2 depending on the residue of m modulo
6. On the other hand, since x | zf , it follows that x = ha11 hb12 hc13 f up to units and with a1 ≤ a,
b ≤ b, c1 ≤ c, where z = ha1hb2hc3. This yields a contradiction because h1, h2, h3 have order greater
than 2. 
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